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Background

Problem: How to learn a target probability distribution π on Rd .

• Sampling (e.g: π ∝ exp(−V ) is the posterior distribution in Bayesian inference).

• Optimizing neural networks (e.g: π is the mean-field limit over parameters of a
neural network).

• Generative models (e.g: π is the distribution of an image dataset).
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Background: Optimization in the space of probability measures

Problem: How to learn a target probability distribution π on Rd .

• This problem can be written as an optimization problem on P2(Rd).

arg minµ∈P2(Rd )D(µ | π).

• Here D is a similarity metric or distance, e.g. Kullback–Leibler divergence.
• D(µ|π) = 0 if and only if µ = π.

• P2(Rd) denotes the space of probability measures with a finite second moment.
• We primarily consider P2(Rd) rather than P(Rd) for the nice geometrical properties.

• How to find the minimum? Gradient descent!
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Background: Euclidean gradient flow

• Euclidean gradient flow of an objective F : Rd → R

∂txt = −v(xt), v = ∇F .

• ∇F denotes the gradient of F .

• This is the continuous-time analogue of gradient descent:

xn+1 = xn − γv(xn),

where γ > 0 is the step size.

• Gradient flow / descent is widely used to find minimizers of F :

x∗ = arg minx∈Rd F (x).

• Train large scale deep learning models.

• When F is both strongly convex and smooth, Euclidean gradient descent converges
exponentially fast [Boyd and Vandenberghe, 2004].
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Background: Wasserstein gradient flow

Challenge: How to find arg minµ∈P2(Rd )D(µ | π)?

• Gradient descent! Wait... How do we define gradients in P2(Rd)?
• Endow P2(Rd) with the Wasserstein-2 distance W2.

W 2
2 (ν, µ) = ∫ ∥T (x) − x∥2dν(x) = ∥T − Id∥2L2(ν).

• W 2
2 (ν, µ) means the minimal energy takes to transport mass from ν to µ.

• T : Rd → Rd is the optimal transport map from ν to µ.
• (P2,W2) can be ’treated‘ as a Riemann manifold under the Otto’s calculus [Otto,

2001].
• The tangent space TµP2(Rd) at µ ∈ P2(Rd) is a dense subset of L2(µ).
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Background: Wasserstein gradient flow

Definition (Wasserstein gradient)

Let F : P2(Rd) → R be a regular functional. The Wasserstein gradient of F evaluated at
µ ∈ P2(Rd) is the unique function ∇W2F(µ) : Rd → Rd , s.t. for any T ∈ TµP2(Rd),

lim
ϵ→0

1

ϵ
[F ((Id + ϵT )#µ) −F(µ)] =

∫
[∇W2F(µ)](x)⊤T (x) dµ(x) = ⟨∇W2F ,T ⟩L2(µ) .

• The gradient is defined along a ‘curve’ (Id + ϵT )#µ in P2(Rd).
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Background: Wasserstein gradient flow

Definition (Wasserstein gradient flow)

Let (vt : Rd → Rd)t≥0 be a family of vector fields and suppose that the random process
(xt)t≥0 evolve according to ẋt = vt(xt). Then, the law µt of xt evolves according to the
continuity equation (in the sense of distributions)

∂tµt + ∇ · (µtvt) = 0.

In particular, (µt)t≥0 is called the Wasserstein gradient flow of F : P2(Rd) → R if
vt = −∇W2F(µt).

Euclidean Gradient Flow

• State space: Rd

• Objective F : Rd → R.

• Update scheme: ẋt = vt(xt), with
vt = −∇F .

Wasserstein Gradient Flow

• State space: P2(Rd)

• Objective F : P2(Rd) → R:

• Update scheme ẋt = vt(xt), with
vt = −∇W2F(µt).
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Example 1: Langevin diffusion [Jordan et al., 1998]

• Given the target distribution π ∝ exp(−V ) with V : Rd → R.

• The functional FKL = KL(·∥π) and its Wasserstein gradient

[∇W2FKL(µ)](·) = ∇V (·) + ∇ logµt(·).

• The Wasserstein gradient flow of FKL

∂tµt = ∇ · (µt (∇V + ∇ logµt)) .

• It is equivalent to the Fokker–Planck equation of the Langevin diffusion [Särkkä and
Solin, 2019]:

dxt = −∇V (xt) dt +
√

2 dWt , µt = Law(xt).

• A standard time-discretization (Euler–Maruyama scheme) is:

xn+1 = xn − γ∇V (xn) +
√

2γ ξn, ξn ∼ N (0, Id).
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Example 2: MMD gradient flow [Arbel et al., 2019]

• Given M i.i.d samples {yi}Mi=1 from a target distribution π.
• The functional FMMD = 1

2MMD2(·∥π)

MMD(µ∥π) := ∥∫ k(x , ·)dµ(x) − ∫ k(x , ·)dπ(x)∥H ,

where H is the RKHS associated with a kernel k : Rd × Rd → R.
• Its Wasserstein gradient

[∇W2FMMD(µ)](·) = ∇ (∫ k(x , ·) dµ(x) − ∫ k(x , ·) dπ(x))

≈ ∫ ∇2k(x , ·) dµ(x) − 1
M

∑M
i=1∇2k(yi , ·).

• The Wasserstein gradient flow of FMMD,

∂tµt = ∇ · (µt∇W2FMMD(µt)) , dxt = −[∇W2FMMD(µt)](xt) dt.

• A standard time-discretization (Euler–Maruyama scheme) is:

xn+1 = xn − γ∇W2FMMD(µn)(xn).
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Convexity and Smoothness

Question: When does Wasserstein gradient flow find arg minµ∈P2(Rd )D(µ | π)?

Definition (Wasserstein Hessian [Villani et al., 2009])

Given any T ∈ TµP2(Rd) and a curve (constant-speed geodesic) ρt = (Id + tT )#µ for
0 ≤ t ≤ 1, the Wasserstein Hessian of a functional F : P2(Rd) → R at µ, denoted as
Hess F|µ, is an operator from L2(µ) to L2(µ):〈

HessF|µT ,T
〉
L2(µ)

= d2

dt2

∣∣∣
t=0

F (ρt) .

• A functional F is said to be (geodesically) M-smooth at µ if〈
HessF|µT ,T

〉
L2(µ)

≤ M∥T∥L2(µ).

• A functional F is said to be (geodesically) Λ-convex at µ if〈
HessF|µT ,T

〉
L2(µ)

≥ Λ∥T∥L2(µ).

• If F is both (geodesically) M-smooth and Λ-convex, then M ≥ Λ.
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Convexity and Smoothness

• Let (µt)t≥0 be the Wasserstein gradient flow of F
• If F is Λ-convex with Λ > 0,

F(µt) − minµ∈P2(Rd )F(µ) ≤ exp(−2Λt)
(
F(µ0) − minµ∈P2(Rd )F(µ)

)
.

• Let (µn)n∈N be the Wasserstein gradient descent of F .

• If F is Λ-convex with Λ > 0 and M-smooth, and the step size 0 < γ ≤ 1
M ,

F(µn) − minµ∈P2(Rd )F(µ) ≤ exp(−γΛn)
(
F(µ0) − minµ∈P2(Rd )F(µ)

)
.

• This is the same as convex optimization in Euclidean space [Boyd and
Vandenberghe, 2004].
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Convexity and Smoothness

Wasserstein gradient flow of FKL

• π ∝ exp(−V )

• Sampling

• When π ∝ exp(−V ) is strongly
log-concave, i.e., HV ≥ αId, then
FKL is α-convex.

• Convergence in discrete
time [Vempala and Wibisono, 2019]

FKL (µn∥π) ≤ exp(−αγn)FKL (µn∥π) + γnβ2

α .

• β is the Lipschitz continuity of V .

• It takes O( 1
αδ log 1

δ ) to reach δ error.

Wasserstein gradient flow of FMMD

• {yi}Mi=1 i.i.d samples from π

• Generative modelling

• When k is bounded and has bounded
derivatives, then FMMD is M-smooth
and −M-convex.

• Convergence in discrete time [Arbel
et al., 2019]

FMMD(µn, π) ≤ W 2
2 (µ0,π)
γn + K̄ .

• K̄ is a positive barrier term that does
not vanish.

• limn→∞FMMD(µn, π) ̸= 0!
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Non-convexity of MMD prevents global convergence

Figure: Belhadji et al. [2025]

• Arbel et al. [2019] proves convergence of MMD flow, yet under noise injection and
stringent conditions on the scale of noise.

• Disclaimer: There exists many papers where MMD flow empirically generate
high-quality images on with adversarial training of kernels [Galashov et al., 2025], or
with non-smooth kernels plus deep neural network distillation [Hertrich et al., 2024,
Altekrüger et al., 2023].
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Convexity and Smoothness

Question: Can we find a new objective F such that it enjoys (geodesic) convexity,
similar to FKL, in the generative modelling setting where only samples are available?

Proposition 1 (MMD and χ2-divergence)

Suppose µ is absolutely continuous with respect to π, i.e., µ ≪ π. Then

MMD2(µ∥π) =

∥∥∥∥T 1
2
π

(
dµ
dπ − 1

)∥∥∥∥2
L2(π)

and χ2(µ∥π) =
∥∥∥dµ
dπ − 1

∥∥∥2
L2(π)

.

Here, Tπ : L2(π) → L2(π) is the kernel integral operator defined as

Tπf (·) =
∫
k(x , ·)f (x) dπ(x).

• Similar to FKL, Fχ2(·) = χ2(·∥π) is (geodesic) strong convex when π is strongly
log-concave [Ohta and Takatsu, 2011].

• An interpolation between MMD2 and χ2?
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DrMMD: An interpolation of MMD and χ2-divergence

Definition (De-regularized Maximum Mean Discrepancy (DrMMD))

Suppose µ ≪ π where µ, π ∈ P2(Rd). Then the (de)-regularized maximum mean
discrepancy (DrMMD) between µ, π is defined as, for λ > 0,

DrMMD(µ∥π) = (1 + λ)

∥∥∥∥((Tπ + λId)−1 Tπ

) 1
2
(
dµ
dπ − 1

)∥∥∥∥2
L2(π)

.

Proposition 2 (Interpolation of MMD2 and χ2)

Suppose k is bounded, continuous, and c0-universal.

limλ→0 DrMMD(µ∥π) = χ2(µ∥π), limλ→∞ DrMMD(µ∥π) = MMD2(µ∥π).

• Similar idea of spectral regularization has been done for kernel hypothesis
testing [Mika et al., 1999, Harchaoui et al., 2007, Hagrass et al., 2024].

• This is known as Tikhonov regularization.
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DrMMD: An interpolation of MMD and χ2

Question: Does DrMMD inherit the advantages of MMD2 and χ2?

• Does FDrMMD admit finite sample implementation of its Wasserstein gradient flow?

• Is FDrMMD (geodesic) strongly convex when π is strongly log-concave?

Assumption 1

k : Rd ×Rd → R is a continuous and c0-universal kernel. The kernel is bounded by K, its
first order derivatives bounded by K1d and second order derivatives bounded by K2d .

• This condition is satisfied by Gaussian kernels, Matérn kernels and inverse
multiquadratic kernels.
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Finite-sample estimate

• Let Σπ : H → H denote the covariance operator Σπ = Eπ[k(x , ·) ⊗ k(x , ·)].

⟨f ,Σπf ⟩H = Eπ[f (X )2].

Proposition 3 (Finite-sample estimate of the Wasserstein gradient of FDrMMD)

The Wasserstein gradient of FDrMMD(·) = DrMMD(·∥π) at µ is
(1 + λ)∇hµ,π(·) : Rd → Rd , where

hµ,π = (Tπ + λI)−1 Tπ

(
dµ
dπ − 1

)
= (Σπ + λI)−1 (∫ k(x , ·)dµ− ∫ k(x , ·)dπ) .

Given empirical distributions µ̂ = 1
N

∑N
i=1 xi and π̂ = 1

M

∑M
i=1 yi . Given the Gram

matrices Kxx ∈ RN×N , Kyy ∈ RM×M , Kxy ∈ RN×M .

hµ̂,π̂(·) = 1
Nλk (·, x1:N)1N − 1

Mλk (·, y1:M)1M − 1
Mλk (·, y1:M) (MλI + Kyy )−1 Kyx1N

+ 1
Mλk (·, y1:M) (MλI + Kyy )−1 Kyy1M .
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Wasserstein Hessian and convexity

Proposition 4 (Wasserstein Hessian of Fχ2)

Suppose k satisfies Assumption 1. Let µ, π ∈ P2(Rd).∣∣∣〈HessFDrMMD|µT ,T
〉
L2(µ)

∣∣∣ ≤ 2(1 + λ)2
√
KK2d+K1d

λ ∥T∥2L2(µ), ∀T ∈ TµP2(Rd).

Let π be α-strongly log-concave, i.e., π ∝ exp(−V ), HV ⪰ αI, and assume additionally
that x 7→ HV (x) is continuous. Then for all µ such that x 7→ ∇ logµ(x) is continuous
and dµ

dπ − 1 ∈ H,〈
HessFDrMMD|µT ,T

〉
L2(µ)

≥ α(1 + λ)
∫ dµ

dπ (x)∥T (x)∥2dµ− R(λ, µ,T ),

where limλ→0 R(λ, µ,T ) = 0.

• DrMMD is more convex when λ → 0 and more smooth when λ → ∞.
• Unfortunately, dµ

dπ − 1 ∈ H is too strong in practice.
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Poincaré inequality

• Exponential convergence to the global minima (not necessarily unique) still hold
under a Polyak- Lojasiewicz inequality, a strict relaxation of strong convexity.

• Fχ2 = χ2(·∥π) satisfies a (modified) PL inequality with α if, for all µ ∈ P2(Rd),

χ2(µ∥π) ≤ 1
2α

∥∥∇W2Fχ2(·)
∥∥2
L2(π)

= 1
2α

∥∥∥∇(
dµ
dπ

)
(x)

∥∥∥2
L2(π)

.

• It is implied by π satisfying the Poincaré inequality (f = dµ
dπ − 1).

Definition (Poincaré inequality)

We say that π satisfies a Poincaré inequality with constant CP if for all f ,∇f ∈ L2(π),

Varπ[f ] ≤ CPEπ

[
∥∇f ∥2

]
.

Furthermore, π satisfies a Poincaré with constant α if π is α-log concave.

• Poincaré inequality is a strict relaxation of strong log concavity. It is satisfied by
mixture of Gaussians. It is invariant under Lipschitz perturbations [Bakry et al.,
2014].
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Poincaré inequality

Proposition 5 (Exponential convergence of Fχ2 gradient flow [Chewi et al., 2020])

Suppose that π satisfies a Poincaré inequality with constant CP . Let (µt)t≥0 be the
Wasserstein gradient flow of Fχ2 . Then, for any T ≥ 0,

KL (µT∥π) ≤ exp
(
−2T

CP

)
KL (µ0∥π) .

For any t > 0,

∂tKL (µt∥π) = −2Eµt

〈
∇ log

dµt

dπ
,∇dµt

dπ

〉
= −2Eπ

[∥∥∥∥∇dµt

dπ

∥∥∥∥2
]

(∗)
≤ − 2

CP
χ2 (µt∥π) ≤ − 2

CP
KL (µt∥π) .

• (∗) holds by the Poincaré inequality.
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DrMMD: An interpolation of MMD and χ2

Question: Does DrMMD inherit the advantages of MMD2 and χ2 ?

• Does FDrMMD admit finite sample implementation of its Wasserstein gradient flow?

• Is FDrMMD (geodesic) convex when π is log-concave?

• Does FDrMMD satisfy a (modified) PL condition when π satisfies a Poincaré
inequality?

• Let (µt)t≥0 be the Wasserstein gradient flow of FDrMMD with a continuity equation

∂tµt + ∇ · (µt(1 + λ)∇hµt ,π) = 0, hµt ,π = (Tπ + λI)−1 Tπ

(
dµt

dπ
− 1

)
.
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PL condition of FDrMMD

d

dt
KL (µt∥π)

= −
∫

∇hµt ,π(x)⊤∇ log
dµt

dπ
(x) dµt

= −
∫

∇hµt ,π(x)⊤∇dµt

dπ
(x) dπ

= −
∫ (

∇hµt ,π(x) −∇dµt

dπ
(x)

)⊤
∇dµt

dπ
(x) dπ −

∫ ∥∥∥∥∇dµt

dπ
(x)

∥∥∥∥2 dπ

= −
∫ (

∇hµt ,π(x) −∇
(
dµt

dπ
(x) − 1

))⊤
∇dµt

dπ
(x) dπ −

∫ ∥∥∥∥∇dµt

dπ
(x)

∥∥∥∥2 dπ.

Apply integration by parts for the first term.
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PL condition of FDrMMD

d
dtKL (µt∥π)

=
∫ (

hµt ,π(x) −
(
dµt

dπ (x) − 1
))

∇ ·
(
π(x)∇dµt

dπ (x)
)
dx −

∫ ∥∥∥∇dµt

dπ (x)
∥∥∥2 dπ

≤
∥∥∥hµt ,π −

(
dµt

dπ − 1
)∥∥∥

L2(π)

∥∥∥∥∇·(π∇dµt
dπ )

π

∥∥∥∥
L2(π)

− 1
CP

KL (µt∥π) ,

• The first term is bounded by Cauchy-Schwartz inequality, and the second term is
bounded by the Poincaré inequality with CP .

• Suppose dµt

dπ − 1 ∈ Ran(T r
π) with r > 0.∥∥∥hµt ,π −

(
dµt

dπ − 1
)∥∥∥

L2(π)
≤ λr ∥qt∥L2(π) , where hµt ,π = T r

πqt .

• hµt ,π = (Tπ + λI)−1Tπ(dµt

dπ − 1)
• Similar results have been established in kernel ridge regression [Cucker and Zhou,

2007].
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PL condition of FDrMMD

Proposition 6 (PL condition of FDrMMD)

Let (µt)t≥0 be the Wasserstein gradient flow of FDrMMD. Suppose the kernel satisfied
Assumption 1. Suppose the target distribution π satisfies a Poincaré inequality with
constant CP . Suppose

dµt

dπ − 1 ∈ Ran(T r
π) with r > 0, i.e., there exists qt ∈ L2(π) such

that dµt

dπ − 1 = T r
πqt . Suppose ∥∇(log π)⊤∇(dµt

dπ )∥L2(π) ≤ Jt and ∥∆(dµt

dπ )∥L2(π) ≤ It .
Then, we have

d

dt
KL (µt∥π) ≤ − 1

CP
KL (µt∥π) + λr (Jt + It).

• When λ = 0, we recover the PL condition of χ2 divergence.

• Jt and It are additional regularity conditions.

• Compared with the initial regularity condition dµt

dπ − 1 ∈ H required for the (geodesic)

convexity of FDrMMD, dµt

dπ − 1 ∈ Ran(T r
π) is a strict relaxation when 0 < r < 1

2 .
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Interpolation space Ran(T r
π)

Figure: Visualization of Ran(T r
π).

• Large r indicates larger smoothness.

• Ran(T 0
π ) ∼= L2(π) and Ran(T

1
2
π ) ∼= H.

26 / 32



Convergence of DrMMD gradient flow

Theorem 1 (Convergence of DrMMD gradient flow)

In addition to the assumptions of the proposition of PL condition on FDrMMD. If
∥qt∥L2(π) ≤ Q,Jt ≤ J , It ≤ I for all 0 ≤ t ≤ T, where Q,J , and I are positive
constants independent of λ, then for any T ≥ 0,

KL (µT∥π) ≤ exp

(
−2(1 + λ)

CP
T

)
KL (µ0∥π) + λrCPQ(J + I).

• When λ = 0, it recovers the exponential convergence of χ2 flow.

KL (µT∥π) ≤ exp

(
− 2

CP
T

)
KL (µ0∥π) .

• Larger r means more regularity of the trajectory and thus smaller bias.
• Smaller Poincaré (CP = 1/α) means faster convergence.
• For continuous time DrMMD flow, we would want λ → 0 for ‘convexity’, however,

that is not the case for discrete time flow.
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DrMMD gradient descent

• DrMMD gradient flow (continuity equation)

∂tµt + ∇ · (µt(1 + λ)∇hµt ,π) = 0

• DrMMD gradient descent: for step size γ > 0,

µn+1 = (Id + γ(1 + λ)∇hµn,π)#µn.

• Recall the Wasserstein Hessian of FDrMMD∣∣∣〈HessFDrMMD|µT ,T
〉
L2(µ)

∣∣∣ ≤ 2(1 + λ)
2
√
KK2d + K1d

λ
∥T∥2L2(µ), ∀T ∈ TµP2(Rd).

• Taking λ → 0 breaks the smoothness of FDrMMD.
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Convergence of DrMMD gradient descent

Proposition 7 (Descent lemma of DrMMD gradient descent)

Let (µn)n∈N be the Wasserstein gradient descent of FDrMMD. Suppose π ∝ exp(−V )
with HV ⪯ βI. Suppose all assumptions in the proposition of the PL condition on
FDrMMD hold. Suppose the step size γ is small enough.

KL (µn+1∥π) −KL (µn∥π) ≤ − 2
CP

χ2 (µn∥π) γ + γλrQ(J + I)︸ ︷︷ ︸
Approximation error

+ γ2βχ2 (µn∥π) K1d+K2d
λ︸ ︷︷ ︸

Discretization error

• A trade-off between the approximation error and the time-discretization error.
• Optimal choice of adaptive λn at each iterate n:

λn =
(

2γχ2 (µn∥π) β(K1d+K2d )
Q(J+I)

) 1
r+1 ∝ χ2 (µn∥π)

1
r+1

• At the start, we want a larger λ to have more smoothness; when closer to the
convergence, we want a smaller λ to operate in the χ2 regime to better catch the
difference of the distributions.

29 / 32



Convergence of DrMMD gradient descent

Theorem 2 (Convergence of DrMMD gradient descent)

Let (µn)n∈N be the Wasserstein gradient descent of FDrMMD. Suppose all conditions
from the descent lemma hold. Then, for any nmax ∈ N,

KL (µnmax∥π) ≤ exp

(
−2nmaxγ

CP

)
KL (µ0∥π)

+ γ
r

r+1CPQ
2r+1
r+1 ((K1d + K2d)β)

r
r+1 (J + I)

1
r+1

• To reach error KL (µnmax∥π) ≤ δ, it takes O((1δ )
r+1
r log 1

δ ) iterations.

• By comparison, for Langevin Monte Carlo, it takes O(1δ log 1
δ ) [Chewi et al., 2024].

• DrMMD gradient descent takes more iterations due to the additional approximation
error O(λr ), but it operates without the knowledge of potential V and only requires
Σπ =

∫
k(x , ·) ⊗ k(x , ·) dπ and the embedding

∫
k(x , ·) dπ.
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Particle DrMMD gradient descent

• To operate in the setting of generative models, we only have access to samples.

• We are given N samples from the initial distribution {x (0)i }Ni=1 ∼ µ0 and M samples

from the target distribution {yi}Mi=1 ∼ π.

• The DrMMD particle descent from time n to time n + 1, is defined as

x
(n+1)
i = x

(n)
i − γ (1 + λn)∇hµ̂n,π̂(x

(n)
i ), i = 1, . . . ,N.

• hµ̂n,π̂ admits a closed-form expression with Gram matrices.

• λn is taken to be proportionate to DrMMD(µ̂n∥π̂)
1

r+1 .

• r is selected from a set {0.1, 0.2, . . . , 1.0}.
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Conclusions

• We propose DrMMD gradient flow as an interpolation of MMD gradient flow and χ2

gradient flow.

• DrMMD gradient flow / descent has global convergence results, compared to MMD
flow, under an adaptive regularization parameter λ.

• This justifies the application of adaptive kernels in recent MMD flow (MMD GAN)
papers that achieve SOTA empirical performances.

• More in the paper https://arxiv.org/pdf/2409.14980.
• Empirical results on synthetic datasets.
• An example of DrMMD flow with a Gaussian target distribution π which satisfies all

conditions in the theorems.
• Finite-particle convergence results with propagation of chaos bound.
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